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Best-Case Response Times of Periodic Tasks 
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In this paper we present a simple Teouisive equation to.decennine ihe besi-case response times 
of periodic ta$Ic$ under fixed-priority preemptive scheduling. The approach is of a similar nature 
as the one used to det^mine worst-case response times, in the sense diat where a critical instant 
1$ considered to determine die laner* we base our analysis on an optimal insranu in which all 
higher priorlQ^ tasks have a simultaneous release that coincides wich the best-case complenon of 
the cask under consideration. The resulting reciui^ve equadon resembles much die one for worst' 
case response times, apart :&om a term — 1 diff^ence, and the &cc that the best-case response dmes 
are approadied fiom above. The resulting iterative procedure is inusnrated by means of a small 
example. Finally, we discuss the effect of the best-case response times on completion jittier, as well 
as the effect of release jitt^ on the best-case response rimes. 

Keywords: response time, best case, periodic taskStprEernpziveschedulmg^ fixed priority 
real'tane ^nems. 

1 Introduction 

One of the main pecformance issues in real-time computing systems is to detennine wbefli^ or 
not a set of periodic tasks can be ixrocessed on a resouxce without exceeding their deadlines, 
using fixed-priority preemptive scheduling (2, 5], To this end, constraints have been dmved on 
workloads, to answer Ibis question on an abstraa level [6]. Another way is to have an exact worst- 
case analysis of response times of all tasks under aibitrary phasings [3] and compare this to their 
deadlines. 

Cnven a set of n tasks Ti,T2,...,T„t and given for each mskt^ a period Tt of activation and a worst- 
case computation time Wd*, the worst-case response time WRi of a task Tj is given by the snudlesc 
(positive) value that satisfies the following recursive equation. 

j^hpU^ 1 1 

Here, hp{i) denotes the set of tasks with a higher prioriiy than X/. To calculate this woist-case 
response time, we can use the following iterative procedure. 

WRi(0) = WQ 

The procedure stops when the same value is found for two successive icmtions k. Given these 
response times, we can conclude that the given set of ta^ks can be processed on the system if the 
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worst-case response time of each task does aot exceed its deadline^ which we here assume to be 
equal to its p^ukL 

Although worst^case response tunes seem more in^ipesting than bestH:2se response times, there are 
sensible applications of the latter. For issiance, if a cmain task triggen a next one in a distributed 
mnltipiocessor system [1, 4]» then the jitfeBr (i.e. time vaxiadon) in the completion of the triggering 
task results in arelease jitter of the following task, which in turn has an effect on the wotsi-case 
response times of other tasks. To this end, it is necessary to not only Imow the worst-case response 
rimg of the txiggmng task, but also its bests^se response tune« in order to have an as ti^t a$ 
possible bound on the jitter. Unfortnnately, the lower bounds on the best-case response times 
given in [1, 4] are not tight In tiiis paper; we present a simple recursive equation to determine the 
best-case response times exactly. 

Tbe r^Dainder of this paper is organized as follows. In Section 2 we present the notion of an 
optimal insiantr Section 3 presets a lecursxve equation and an iterative pxocedure for the best* 
case response times, which is illustrated by means of an example in Section 4. Finally, in Section 5 
we discuss jitter; 

2 An optfmd] instant 

Similady to the notion of a critical instant C6], used to derive worst-case response times [3], the 
D»t theory introduces tbe notion d an optimal instant u> derive the best-case response time of a 
task Tr, as depicted in Figure 1. 

taskTf 



I release time 



bast«cfise fesponse tune 
caslctf 



E&ne 



Rgure L An optinial instant for task t,-, where a release for all higher priority tasks (herex/ and 
Xk) coincide with the completion of an execution of xi. 

Theorem 1. An optimal instant for a task Xu i^e., an execution of it yvfth best^ase response time, 
occurs whenever its compleHon coincides with a simultaneous release for ail higher priority tasks* 

Proof. The proof is based on a change argument, i.e., if we have an execution of t,- with best-case 
response time but where not all higher priority tasks have a simultaneous release at its completion, 
we can sligbdy alter the phasings without incieasipg the response time of the execution of xi under 
considcx^ou* 

So consider such a situation, as depicted in Figure 2, where a higher priority task xj 4ces not have 
a release coinciding with the completion of the execution of task Xi under consideration. Now, as 
just before time r task is being processed, we know that bersveen time r and r no activity of task 
Xj occurs, since otherwise there would be work pending of a higher priority task just before time 
r. So, if we shift die releases of cask xj by an amount r — r to the left, no extra preemptions are 
shifted in from the right into the interval [s^t] spanned by the execution of task Xj. Od the other 
hand, shifting the releases of task r j to the left may shift preemptions by task x j out of this interval 
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on 4e left As a result, the axnoimc of pteemption cif task x; in interval [s,i] due to task Xj^ as 
well as due lo other tasks Tfc» can only decrease or stay the same, and so we still have a best-case 
response tizne for the execmion of task Tf. In tliis way, the releases of all high^ prioriQr tasks can 
beshifted to the left to obtain an c^timal instant. O 

A consequence of Theorem 1 is that wbeteas the highest condensation of executions of higher 
priority Casks is found right q^r their cridcal instant, their hi^iest dilatation is found rig^t b^re 
it. 

3 A recorsive equation 

Next, we derive a lecuxsive equation for the best*case response times* Basically, we do this by 
looking back in time from an optimal instant 

Theorem 2- The best-case response tifne BRi of a task Tj is given by the largest value that satisfies 



(1) 



where BCj is the best-case computation time of a task Tj. Furthermore, it can be found by ^e fol- 
lowing iterative procedure, which stops when the same value is found for two successive iterattons 



BRi(p) = WRi 
BRiik^l) - BQ+ J, (\?^]^i)bCj, 



(2) 
(3) 



Proof Given an opomal instant for die lesponse tame of task Ti, consid^ the preemptions of it 
by a hitler prioiicy task Tj; see Figure 3. Now, as just after time j task is being processed, we 
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Figure 3 . Preemptions of tasic t,- by » higher priority task xj. 
know that no acdviiy of task takes place between s and r, since otherwise there would be work 
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pending of a higher priority task at time j. As a result, only the releases of task Ty after time j, Le., 
the releases in the interval [r, preempt the execution of task t,. The number of these preen^Jtions 
is given by 

each of which gives a contribution BCj to the best-case response time of task t, , resulting in the 
recursive equation (1). In order to have the tightest (i»e- highest) lower bound on the best-case 
response time, we should take the largest vahie satisfying this equation. 

Next* if we have an upper bound BRiiJk) on the best-case response time of task Ti, and obviously 
BRiiO) = WRi is one. dien 

m- 

gives an upper bound on the number of preemptions by task in it, and thus BRiik-^ 1) as given 
in (3) gives a next upper bound on BR^^ which is at most equal to die previous upper bound. Upon 
texmination, i.e.. when BRi{k+ \) = BRi{k), we know that the gaps left by hi^er priority tasks in 
the interval [j, t) in Figure 3 are just enough for the best-case computation tjme JJQ. This, togeiher 
with the fact that task is being executed In the first part as well as the last part of the interval 
[Sji)t shows chat the best-case response time cannot be smaller than die found value. □ 

In order to get a better initialization value in (2), we may replace the worst-case response times 
based on worst-case computazion times by worst-case response times based on best-case compu- 
tation times* 



4 An example 

To Ulustiate the iterative procedure for best-case response times^ consider die ^^ajnple given in 
Table 1, where we ^^gurnps che tasks to be given in order of decreasing priority. Pigute 4 shows 





period 


con^utatioii 


worst-case 


best-case 






time 


response time 


response tune 


Ti 


10 


3 


3 


3 




19 


11 


17 


14 


T3 


56 


5 


56 


22 



Table L An example to illnstrate the calculation of best-case response times. In this example, 
best-case computation times are cakeo equal co the worst-case computation times, 

the successive iterations of the computation of the best-cose response time of task T3, yielding an 
eventual value 22. As we can see in this figure, the initial upper bound ^/^^(O) =s 56, ind icat ed 
by a dashed line, falls inside the period of execution 1 of X\ and the period of execution 1 of 
Ti. As a result we can conclude that tiiese executions do not pre^pt the execution of T3, so die 
preemptions can at most contain executions 2-6 of Ti and executions 2-3 of x^, resulting in a new 
upper bound of S/?3(l) = 5 5 • 3 + 2 • 1 1 42. 

Next, in iteration (ii), we see thai execution 2 of i\ also does not preempt the execution of t3, so 
the pteemptions cm at most contain executions 3-6 of Ti and executions 2-3 of T2, resulting in a 
new upper bound of B/?3 (2) = 5 + 4 • 3 + 2 - U - 39. 

This continues up to iteration (vi). There, we see that executions 5 and 6 of ty and execution 3 of 
T2 preempt the best-case execution of rj, resulting in B/?3(6) = 5 + 2- 3 + l'll=22=: Bi?3(3), 
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Figure 4. Itemuons to determine the best-case response time of task x%. Executions are numbered 
for ease of reference. 



5 



mm: 



09.11.2000 



and the procedure stops. So, the final best-case response time is 22, of wbicb tbe execution and 
preemptions axe sbown in Hguie 5, Using the lecbiiiques described in [1, 4] gives the same value 



tnsk 







dxne 



Figures. The eyemualbesc-case response tiioe of cask Xa. 

for the best-case tesponse times of Xx and t^, but only a lower bound of S for task T3, which is 
quite off the real best^case response time of 22. 

5 Jitter 

Given the worst-case and best-case response times of a task t^-, we can calculate the completion 
jitter, ie,, the variailon in the completion times of its executions as compaml to a snict periodic 
pattern, with period Ti, Itxt is released stricdy p^odic, the jitter is givA by the ^exeoco between 
the wom-case and best-case lesponse time, i.e., 

CJi==WRi-BRi. 

Concerning completion jitter, we note that simations exist in which an execution of a task having 
best^cnse response time may directly be succeeded by an execution having worst-case response 
time, and vice versa. An example of this is given in Figure 6, where we have two tasks, Z\ and 
T2, having higher priori^, v^th periods Ti 8, Ti = 12 and computation times WC\ = BC\ = 
WC2 = BCz = 4, For this example, ttie best-case and woi^-case lesponse times of T2 are BRi « 4 
and WRz = 8, respectively, and the figure shows that they indeed can occur right after each othen 
The completion jitter of T2 equals CJ^ = 8 — 4 =^ 4, 
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Figure 6. A situauon in which a best-case execution of Ta is direcdy succeeded by a worst-case 
execution, which in mm is directly succeeded by a best-case execution. Note that times r and r 
indicate optimal iDstams for and time 5 indicates a critical insrani. 



In case of release jiiter^ the analysis to derive worst*case and best-case response times as well as 
completion jitter is slightly altered. Vox worst-case response times, it changes as follows [2» 7]» 
Now, one has to consider die possibiUty that the jitter of a higher priority task Xj occurs between 
the release at the critical instant and its next release, leading to a time between its first two releases 
that equals 7) — /ZJ/, where RJj is the release jitter of task Xj. Considering the worst-case number 
of preempuons over a time interval of length r then is similar to considering the preemptions of 
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as if U were stricdy periodic, over a tune interval of leagjh t -f fUjy and so the resulting worst-case 
response times aie computed as follows. 

WRiiO) = WCi 

WRdk^l) = WQ^ X r ^^>(^) + ^^ ] wCj. 

For best-case response times the e£fect of release jitter on the analysis is qnitB similar. Now 
we have to consider the possibility fliat the jitter of a higher priority task tj occurs between the 
release at an optimal instant and its previous release,. leading to a t irnft Tj^RJj between these two 
releases. In turn, to detemiine the best-case number of preemptions of a task over a time interval 
of length t then is similar to considering the preemptions of tj as if it were snicdy periodic, over 
a time interval of length / —RJj^ and so the resulting best-case response times are computed as 
follows. 

Here, the notation jc*^ stands for niax{jc,0}, which is used to indicate that the number of preen^- 
tions cannot be negative. 

Givra the worst-case and best-case response times of a task T|> as weU as its leleose jitter, its 
completion jitt^ is now given by 

CJi = RJi + tVRf - BRi . (4) 

So« in Older to take the ejS'ect of Jitter into account in a distributed multiprocessor system with task 
dependencies [U 4], where the completion of a task may trigger the release of a following task, 
we can use the following iterative procedure [1]. We start with an estimated release jitter RJj=^0 
for all tasks t;> and do the above calculation of worst-case and best-case response times on each 
processor. Then we determine the completion jiiter of each task, as given by (4)^ Next, we update 
the es rimate of the release jitter of each task that is triggered by another task, by making it equal 
to the completion Jiaer of the triggering task. With these new estimates we then again detennine 
woist-case and besi-ca^ response times, etc. During this process, the jittm and the worst^-case 
response times increase, and the best-case respmse times decrease, causing again the jitters 10 
increase etc., so eventually this process conveiges to a stable solution. Furthermore, this shows us 
that if we tedetermine the worst-case and best-case response times for new estimates of the release 
jitter, we can use their final values of the previous iteration for initialization. 

In general, the newly derived best-case response times lead to tighter bounds on completion jitt» 
and thus also on release jitter of following tasks, in turn resulting in better worst-case response 
times of other tasks* A final remark that we would like to make is that we assumed arbitrary 
phasings in our analysis. If the dependencies of casks are such thai the phasings have a special 
structure, then the derived bounds on jitter &cc. might still be pessirrustic. 

6 Conclusion 

We have presented an iterative procedure to determine exact best-case response times of peri- 
odic msks under preemptive fixed-priority scheduling and artricrary phasings, based on a so-called 
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optimal instant Furthcnnore, we have shown how this can be used to detennine jitter m multi- 
processor systems, where the newly derived best-case response times generally result in tighter 
bounds on jitter, in turn leading to better worst-case response times. 

References 

[1] J.C. Palencia Guti^xez, J J, Gudenez Gajcia, and M Gonzdlez Harbour. Best-case analysis 
for improving the worst-case schedulability test for distributed hard real-dme systems. In 
Proceedings cfthe lOih EuroMicro Workshop on Recd-Thne Systems, pages 35-^, 1998. 

[2] M. Joseph, editor. Real-nne Systems: Specificadan^ Verification and Analysis, Prendce Hall, 



[3] M. Joseph and P. Pandya. Finding response times in a real-time system. The Compmer 
Journal. 29(5):390^395, 1986. 

[4] T- Kim, H. Shin, and N- Chang. A jitter analysis for improved schedolability of distributed 
real-time tasks. Journal of KISS Computer Systems and Theory^ 27(S):506-517« 2000. 

[5] MJL Klein, T. Ralya, B. Pollak, It Obenza, and M. Gonzfilez Harbour. A Practitioner's 
Handbook for Real-Time Analysis: Guide to Rate Monotomc Analysis for Real'Time Systems. 
Khiwer Academic Publishers^ 1993. 

[6] C JL. Liu and J.W. Layland. Scheduling algorfthms for mnltiprograinniing in a teal-time envi- 
ronment. Journal qf the ACM, 20(l):46-6l, 1973. 

17] K. W. Undellp A, Bums, axxd A J. Wellings- An extendible approach for analyzing fixed priority 
hard real-time tasks- Real-Time Systems, 6(2): 133^15 1, 1994. 



1996. 



8 



9. NOV. 2000 13=57 

FHNIJ0OO6O8EPP 



lEPOO2d3904.8i 
PhTCpS CIP ISL +3l^0~2r432»e9 



NR. 440" ■ -P.lSb-i^ 



9 



09.11,2000 



A jitter analysis method using a novel formula for 
best-case response time 

Reinder J, Brfl and E. (Uesbeth) F,M, Steffens 
September 26^ 2000 



Real-time priority based ^sterns often have strict jitt^ requirements. Jitter control decreases the 
effective pxoeesfor utiiisationy however. This note describes an improved analysis method, allowing 
less drastic jitter control measiws. thus in^nndng &e effective processor utflisadoiL 

Introduction 

Real'-time priority based systems often have strict jitter lequirements. Jitter cox^trol decreases the 
elective processor udlisation, however, Eqi^ecially for HVE (high-volume electronics) consumer 
devices, a high piocessoi utflisatton is very important for cost-efiectiveiffiss reasons; Tliis note 
describes an unpzovied analysis method, allowing less drastic Jitter control measores* thus improving 
the efteti ve processor utilisation. 

Jitter is decennined by eomputmg a highest lower-bound (or best-case) and a lowest uppers 
bound (or worst-case) for the response time (see [1]). The computation rime (pprionally augmented 
with confutations due lo clock-intcirupts) is typically taken as (rather pessimisuc) highest lower- 
bound; stated in other words, the best-case ce^onse time is calculated under the assumprion that no 
other tasks pre-empt (see [1], page 6.41, 6.48^ $.5S» or 6.63), The value calculated by tneans of a well* 
known recumve equadon for the worst^ase response time is typically takeu for the lowest upper- 
bound. The improved anal>^ method described in this note is based on a novel formula for calculating 
best-case response time» This novel £>nnula takes pre-emptions of higher priority tasks into account, 
thereby impraving the (rather pessimistic) highest lower-lxiund of the existizi;g method. 

Best«case and worst-case response time 

A (fictitious) example of besc-case and worst-case response times of a task is shown in Hgnre' ^ 
The abbceviacions in that tlguxe have the following me a ning : 

• T —period; 

9 BR - Best-case Response time; 

• BC - Best-case Computation time; 

• WR- Worst-case Response time,' 

• WC — Worst^ase Computation time; 

Note that tiie task may be pre^^mpted by higher-apriority tasks (giving rise to the "holes^ in the 
eomputatson). Bes&<ase and worst-case response times ore actually rwo sides of the same coin. 
Whereas worsf-caso provides an iqiper-^bound for the latest moment in time that the actual work is 
finished, the besr-casc ics p onse dme provides a lower-bound for the earliest moment in time that the 
actual work is finished. 




f Be$t<case and worst-case response times 

Recursive equation for worst-cese response time 

Neglecting blocking, the ^'standard'' RMA (Rate Monotonic Analysis) recuiaive equation for 
detennhdne the worst-case response time WRi of ataskt^ is given by (see [1]): 
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The smallest value sotisQ^S ^ equation is The sotudon for ihe woi^case response dxiie. 
This equation has (at l^ast) three desirable properties: 

1) it has a nice imomve incetpreiatioa (die suaunation ceim zepresencs tht vocal pre-en^tion ctme by 
higher-priority casks ^ where 1 ^j<D; 

2) diere exists a simple iterative solution for the equadon; 

3) there is an easy-to-understand graplucal representation usine time lines and die unde^ng notion 

of a critical mstant. 

Recursive equation forbest'Case response time 

Neglecting bloddng* die reeursive equadon for detcnnining the best-case response dine BR^ of a task *ti 
is ^ven by: 

•-i 

BRi = BQ+2^ (TBRj/TjI-DxBq 

Tht largest value sadsfying the equanon is the sohition for the worst-case response time. 
This equation has (at least) two desirable properties; 

1) it has a nice intuitive interpretation (the summadon term represents the total pre-empdon time by 
higher-priority tasks Tj where I ^\ <i); 

2) there exists a simple iteradve solution for the equation. 

The best-case response time is based on the notion of optimal instant. The gr^hical Tepre ge ntatiqn 
using time lines is less insimcdve dian for die worst-case response time, however. 

The simple iterative solution fbr the equation is as follows: 

1 . The fiist approximation is obtained by raking the "ovorst-case response time. 

BR,<0) = WQ 

2. Li subsequent approximations, less pre-emption effects are taken into account 

BlWn-*-l) « BQ + 5^ (rBI^(n) / Tjl - 3) >: BQ 

3. The algorithm terminates when BRi(n+l) » BI^(n). 

Note that radier dian taking ad^nonal pre- emption e£fecxs Into account (aa is done in a simple iterative 
solution for die recursive equation for the worst-case response time) lesser pre^en^don ^eecs are 
taken into account 

Concfuding remarks 

The proof of correctness for the recursive eqiiation &r the best-case response time and the underiying 
notion of optimal instant &11 outaide the scope of this lUTte. The gre^hical representation using time 
lines is also not further explored in this nore. 

Best-case response times are also analysed in [2] and p]. The approach described in [2J yields 
a more pessimistic value than the one found by the recursive equation presented in the noter For the 
time being, we did sot receive (and hence didn t smdy) [3] . The abstract available on die www 
suggests that the p^er describes measurements best-case response times radicr than an analytical 
formula. 
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Real tone priority-^aased systems often have strict jitter reqiwemcnts. Jitter control decreases fiie 
effective processw utilization. Jitter occurs when a certain task triggers a next one in a distributed 
multiprocessor system. The jitter (i.e. time variauon) in this triggering is importuxc 10 know to 
detennine worst-case response times of other tasks. Both worst-case and best-case response times of 
the triggering task must be determined to have a bound on the jitter. However, current best-case 
respotise times are not tight enoagb. 

Ihe invention determines the best-case response times exactly. Ihe approach is of a similar nature as 
did one used to detenniine woxst-case response times, in the sense diat where a critical ipstant is 
considered to detennine the latter, the analysis is bases on an optimal iasront, in which all higher 
priori^ tasks have a sinmltaneous request that coincides with die bes^ease coxppletion of ttie task 
under consideieation. In general^ the analysis can be used to detenoine best-ease response times of 
periodic tasks under fixed-priority pseen^tive scheduling. 
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1 . A method of fxed priority preemptive scheduling a first task and a second task 
oomprisioig steps o£ 

- a&st step of det^mimng that the £rst task has a higher priori 

second task and that the second task has a lower prioriQr compared to the first task, 

- a second step of determining a best-case response time of the lower priority ta^ 

a third step of releasing the higher priority task at substantially a best-case completion 
time of the bwer priority task. 
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